Assigning a chaos index for dynamics of generic quantum field theories is a challenging problem, because the notion of a Lyapunov exponent, which is useful for singling out chaotic behavior, works only in classical systems. We address the issue by using the AdS/CFT correspondence, as the large Nc limit provides a classicalization (other than the standard → 0) while keeping nontrivial quantum condensation. We demonstrate the chaos in the dynamics of quantum gauge theories: The time evolution of homogeneous quark condensates qq and qγ5q in an N = 2 supersymmetric QCD with the SU (Nc) gauge group at large Nc and at large 't Hooft coupling λ ≡ Ncg 2 YM exhibits a positive Lyapunov exponent. The chaos dominates the phase space for energy density
Assigning a chaos index for dynamics of generic quantum field theories is a challenging problem, because the notion of a Lyapunov exponent, which is useful for singling out chaotic behavior, works only in classical systems. We address the issue by using the AdS/CFT correspondence, as the large Nc limit provides a classicalization (other than the standard → 0) while keeping nontrivial quantum condensation. We demonstrate the chaos in the dynamics of quantum gauge theories: The time evolution of homogeneous quark condensatesand qγ5q in an N = 2 supersymmetric QCD with the SU (Nc) gauge group at large Nc and at large 't Hooft coupling λ ≡ Ncg 2 YM exhibits a positive Lyapunov exponent. The chaos dominates the phase space for energy density E (6 × 10 2 ) × m 4 q (Nc/λ 2 ) where mq is the quark mass. We evaluate the largest Lyapunov exponent as a function of (Nc, λ, E) and find that the N = 2 supersymmetric QCD is more chaotic for smaller Nc.
PACS numbers:
Introduction.-Revealing a hidden relation between generic quantum field theories and chaos is a longstanding problem. The solution can ignite novel quantitative study of the complexity of particle physics. The problem is how one can define a quantity like a Lyapunov exponent, which measures chaos, in generic quantum dynamics of field theories. The Lyapunov exponent can be defined only in classical systems -once the systems are quantized, because the strong dependence on initial values is lost due to the quantum effect. Then how can one measure the chaos of purely quantum phenomena, such as the chiral condensate of QCD?
In the history concerned with this issue, the chaos of the classical limit of the Yang-Mills theory was first found [1] [2] [3] [4] [5] [6] , and was applied to an entropy production process of heavy ion collisions [7] [8] [9] [10] [11] [12] together with a color glass condensate [13] [14] [15] . However, the produced quark gluon plasma is strongly coupled, and a transition from the classical Yang-Mills to quantum states is yet an open question. On the other hand, the recent study [16] of outof-time-ordered correlators of quantum fields [17] defined a quantum analog of the Lyapunov exponent, and opened a new direction about the problem [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The problem of chaos in quantum dynamics could be addressed along the line of this development.
We here provide a solution of the problem. A key observation is that there exist several ways to relate quantum field theories to classical ones, although the standard method is the semiclassical limit → 0. In fact, a large N limit of strongly coupled gauge theories is another classical limit. We use the AdS/CFT correspondence [28] as a tool to resolve the problem and to map the strongly coupled theories to a classical gravity, which enables us to calculate the Lyapunov exponents of expectation values of operators directly probing the quantum dynamics. The idea is supported by recent analyses of chaotic motion of classical strings in AdS-like spacetimes [29] [30] [31] [32] [33] [34] [35] [36] [37] (see also [38] [39] [40] [41] [42] [43] ).
In this Letter we first show that the linear σ model of low-energy QCD exhibits chaos of the chiral condensate, which serves as a toy model of chaos of a quantum phenomenon. Then we concretely study an N = 2 supersymmetric QCD with the SU (N c ) N = 2 gauge group at large N c and at strong coupling [44] . By using the AdS/CFT, we calculate Lyapunov exponents of the time evolution of a homogeneous quark condensate. The analysis shows how the complexity of the quantum dynamics depends on N c and λ: The theory is more chaotic for a larger λ or a smaller N c . The discovered chaos is a quantum analog of the butterfly effect. We discuss that our Lyapunov exponent is also described by a generalized out-of-time-ordered correlator.
Chaos in a linear σ model.-The most popular effective action for the chiral condensate of QCD is the linear σ model. It describes a universal class of theories governed by a chiral symmetry via a spontaneous and an explicit breaking. The former comes from the QCD strong coupling dynamics while the latter comes from a quark mass term. We find below that the model exhibits chaos.
The simplest linear σ model is with a chiral U (1) symmetry with an explicit breaking (quark mass) term:
Here for simplicity we consider only a single flavor and ignore the axial anomaly. σ(x µ ) and π( [59] . Let us consider a homogeneous motion [60] of the σ model fields σ(t) and π(t), which is a time evolution of the chiral condensate. In a Hamiltonian language, there are four dynamical variables (σ, π,σ,π) while the conserved quantity is only the total energy, so there may exist chaos. We search the chaos by varying the total energy density E, and find a chaotic behavior of the chiral condensate. At an intermediate scale of the energy density, the Poincaré section (a cross section of orbits in the phase space with sampled initial conditions sharing a chosen conserved energy) exhibits a scattered plot, which is chaos; see In this model, the chaos emerges consequently due to the existence of a saddle point in the potential V as shown in Fig. 2 . In general, separatrices (boundaries between phase space domains with distinct dynamical behavior) are associated with saddle points. They are broken under weak perturbations and become a seed of chaos. The separatrix in the potential V is generated by the combination of the explicit and the spontaneous symmetry breaking terms. For example, a potential with no aσ term makes the system integrable due to the Poincaré-Bendixon theorem. It is interesting that the chaotic phase (at which the Poincaré section is covered mostly by ergodic chaos pattern) appears only at an intermediate scale of the energy density:
. It is roughly equal to the height of the separatrix ∼ m 
where d(t) is the distance between the two time evolution orbits of the quark condensate σ(t) and d(0) is taken to be infinitesimally small. The energy dependence of the calculated Lyapunov exponent of the linear σ model is given in Fig. 3 . We observe that chaos appears only at the intermediate energy scale. It suggests that the thermal entropy of QCD might be related to the Lyapunov exponent and to an entropy production of the thermal history of the Universe in some manner.
Chaotic chiral condensate.-Our analysis suggests that generically chaos appears in the time evolution of chiral condensates, because the linear σ model is just based on a symmetry and its breaking. Although there are various σ models of QCD, they contain the simplest linear σ model (1) as a subsector. Generic σ models concern non-Abelian chiral symmetries U (N f ) with N f quark flavors, and the hidden local symmetry [45, 46] can be used to formulate vector meson actions. Generically non-Abelianization accompanies a specific nonlinearity due to the hidden symmetry, which is another possible nest of chaos.
Unfortunately, linear or non-linear σ models are toy models in which a classical treatment is not simply justified, and, furthermore, they describe only a universality class, so a precise relation to QCD is lost. Only with the large N c limit, classicalization is certified and an explicit connection is found. In the following, we resort to the AdS/CFT correspondence with which the large N c and the large λ limits lead to an exact classical theory of mesons and chiral condensates. Using the AdS/CFT correspondence, a chaotic index such as the Lyapunov exponent can be calculated as a function of theories.
Action for the quark condensates from AdS/CFT.-In AdS/CFT correspondence [28] , chiral condensates at large λ and large N c can be seen at the asymptotic behavior of bulk fields corresponding to the gauge-invariant operators such asand qγ 5 q . In this Letter, as a first step, we analyze the most popular holographic model, the N = 2 supersymmetric QCD. In the theory with N f hypermultiplets of fundamental quarks coupled to the N = 4 supersymmetric Yang-Mills theory, the quark sector is introduced as N f probe D7-branes [44] in the geometry of AdS 5 ×S 5 (see [47] for a review). The static quark condensates vanish due to the supersymmetries. We are interested in the time-dependent dynamics of the condensates, which is directly encoded in the D7-brane action we calculate in the following.
Any chaos needs nonlinear terms, and the D7-brane action suffices the need. For multiflavor case N f ≥ 2 the action possesses a non-Abelian symmetry U (N f ) and is effectively described by a massive SU (N f ) Yang-Mills theory. There are two adjoint scalar fields which measure the fluctuation of the N f D7-brane worldvolume in the transverse directions, and those vacuum expectation values are the condensatesand qγ 5 q . Let us evaluate the non-Abelian D-brane action proposed in Ref. [48] :
) . We took a static gauge and have ignored gauge fields on the D7-branes, and
where X 8 and X 9 are directions transverse to the D7-brane, and
is the AdS radius, and
YM is the D7-brane tension. "STr" means a symmetrized trace in the U (N f ) adjoint indices.
A static classical solution of the D7-brane action was found in Ref. [44] as (X 8 , X 9 ) = (c, 0) in which c is related to the quark mass as c = 2πα m q . The D7-brane solution independent of ρ means vanishing condensates= qγ 5 q = 0, since these expectation values are coefficients of 1/ρ 2 appearing in X 8 (ρ) and
correspond to towers of scalar or pseudoscalar mesons of the theory, and the action quadratic in the fluctuations provides the spectra of the mesons [49] . A linear analysis of the action (4) concerning a part of the commutator term was found in Ref. [50] . We need the full structure of the commutator term. Expanding the action (4) around the classical solution up to a quadratic order in ∂X and also up to a single commutator term [X, X] 2 , we obtain
The expansion is valid for w a c and |∂ µ w a | c 2 /R 2 . We assumed that w a is independent of Ω 3 for simplicity. We are interested in low-energy region, so we excite only the lowest meson eigenstate w a = (N /(ρ 2 +c 2 ))φ a (t) and substitute it to (5) . The normalization N is fixed to have a canonical kinetic term for the lightest scalar or pseudoscalar mesons φ a . The resultant action for spatially homogeneous meson fields is
The matrix elements of the expectation value of the mesons are the condensates of the flavor i, j(= 1, · · · , N f ):
At the static vacuum the condensates vanish in this N = 2 supersymmetric QCD.
Chaotic behavior.-To extract the simplest nonlinearity, we consider N f = 2 and a subsector and φ 9 = y(t)σ 2 / √ 2. This respects the equations of motion of (6) . Then the system reduces to a classical mechanics of a quartic oscillator with the action
Here m ≡ 4πm q / √ λ is the meson mass, and the quartic coupling is g ≡ 72π 2 /(5N c ). This is a well-known model of chaos [2, 3] (see [4] for a review). In Fig.4 , we show six numerical plots of Poincaré sections of the system as an example to visualize the chaos. [61] As the energy density increases, the system clearly shows an order-chaos phase transition. Indeed, it is known that, in this system (8), above a certain energy chaos dominates the phase space [2, 3, 51] . On the other hand, for a lower energy, the system is in an ordered phase and the motion is regular. So, we conclude that the time evolution of the homogeneous quark condensate of the N = 2 supersymmetric QCD at strong coupling and at large N c has a chaotic phase.
Let us study the strength of the chaos as a function of the theory, λ, N c and m q . The system is invariant [2, 3] under the following scaling symmetry: x → αx, y → αy, t → βt, and λ → β
So, a scale-invariant combination Eλ 2 /N c governs the dynamical phase of the system. The chaos-order phase transition occurs at a critical energy scale E chaos above which the Poincaré section is covered mostly by the ergodic chaos pattern. Our numerical calculation shows E chaos ∼ 0.6m obtain
Therefore, the energy region for chaos increases for smaller N c or larger λ. We conclude that our N = 2 supersymmetric QCD is more chaotic for smaller N c or larger λ. By the scaling transformation described above, the Lyapunov exponent, which has the dimension of inverse time, is scaled as L → β −1 L. In Fig. 5 , our numerical evaluation of the Lyapunov exponent is shown. In Slightly above the critical energy scale E chaos , the Lyapunov exponent can be approximated by this simple expression. For large λ, it deviates from (10) and has a maximum value L 1.6
, the Lyapunov exponent decreases because the mass term disappears and chaos is expected to be saturated by that of the pure massless Yang-Mills.
In Fig. 5 (right) , the same result is shown in a different normalization, N c /(Eλ 2 ) vs λ 1/2 L. This is convenient to see N c dependence for fixed λ and E. From the figure, we can find that Lyapunov exponent is a decreasing function of N c for fixed E and λ. Therefore, we conclude that the strongly coupled large N c N = 2 supersymmetric QCD is more chaotic for a smaller N c .
Outlook.-We have explicitly showed that Lyapunov exponents can be calculated for chiral condensates by using the large N c limit, which amounts to solving the problem of assigning a chaos index to quantum dynamics.
Let us note that our Lyapunov exponent L can be written as an out-of-time-ordered correlator
where Q(t) ≡ψψ(t) is the chiral condensate operator inserted at time t, and P is for its shift, [Q(x), P (x )] = iδ(x−x ). The state |E, M is an energy eigenstate of the supersymmetric QCD Hamiltonian, with a degeneracy index M. [62] The original out-of-time-ordered correlator uses a thermal partition [16, 17] , while ours is an energy eigenstate, so the temperature scale of the former roughly corresponds to our energy E.
Our method can assign a Lyapunov exponent to quantum dynamics of gauge theories and opens broad applications of chaos to particle physics. Possible arenas may include entropy production (see [53] ), anarchy neutrino masses [54] and Higgs criticality [55] and related inflations [56] [57] [58] . It would be interesting to find some relations between fundamental physics and chaos.
We have greatly benefited from the advice and comments by S. Sasa, and are grateful to him. We also thank valuable discussions with L. Pando Zayas, S. In this supplemental material, we describe how classically measured Lyapunov exponent of a deterministic chaos can be related to the out-of-time-ordered correlators for quantum fields. In particular, our Lyapunov exponent measured in the linear sigma model and in the motion of the D7-branes in the gravity dual side can be written as a version of the out-of-time-ordered correlators.
As briefly described in the main part of the paper, recent development in quantum chaos and AdS/CFT is based on the so-called out-of-time-ordered correlator
The significance of this correlator was emphasized in [16] which ignited important subsequent developments in quantum chaos and AdS/CFT. The important conjecture of [16] is the upper bound for the Lyapunov exponent
for the out-of-time-ordered correlator (12) which is properly regularized. In this supplemental material we provide how our Lyapunov exponent calculated in the gravity dual can be written as a version of this out-of-timeordered correlator.
Relation between classical chaos and quantum correlator
Before a presentation of the precise relation between our results and the out-os-time-ordered correlators, it is instructive to have a brief review of how (12) can be related to a classical chaos in the semiclassical limit [16] based on the argument in [17] . Consider a classical particle motion where the location of the particle at time t is given by q(t). Its conjugate operator is p(t). The classical chaos means the exponential growth of a tiny difference at the initial conditions,
Here δq(0) is the initial difference of the position of the particle. The growth rate is given by the Lyapunov exponent L, and the factor 2 (and the square in the left hand side) is just for a later purpose. The left hand side can be re-written by a Poisson bracket,
Now, when one goes to a quantum mechanical regime, the Poisson bracket is replaced by a commutator [q(t),p(0)]. Therefore, the out-of-time-ordered correlator in quantum mechanics can capture the chaos,
To illustrate the relation between the operator commutation and the classical sensitivity, let us consider the simplest example of a harmonic oscillator in 1 dimension. Since it is solvable, one can evaluate the operator commutation explicitly. We start with a harmonic oscillator Hamiltonian
Then it is easy to calculate the relevant commutator of the operators in the Heisenberg representation,
We compare this with a classical counterpart. The classical solution is q(t) = A cos[ωt + α]. So an infinitesimal deviation at the initial time t = t 2 is produced by a slight shift of time while keeping the total energy of the solution,
The resultant deviation at final time t = t 1 (> t 2 ) is
So, altogether, the classical growth ratio is
Now, let us take an average over the initial condition.
The averaging is about α for this case of the harmonic oscillator. Then
The result is identical to the quantum result (18) . Here we learn that to be related to the Heisenberg quantum picture one needs an integration over the initial conditions at the classical side.
Concerning the Lyapunov exponent, in the above example of the harmonic oscillator, we can take a pure imaginary ω = iL. In this inverse harmonic oscillator, a Lyapunov exponent can be computed, though the system is not really chaotic because the classical motion is not bounded. Nevertheless, it would be instructive to see how the exponential growth rateL can be detected by the quantum operator commutator and the classical analysis of the deviation. The operator equation at late times is now replaced by
while the classical evaluation (24) before the averaging over α (as there is no period in this case) at late times coincides with it,
Therefore, again for the inverse harmonic oscillator, we find the coincidence between the Heisenberg operator commutator and the classical trajectory deviation, at later times.
Classical chaos written by operators
The out-of-time-ordered correlator in [16] is evaluated with the thermal ensemble, specified by the temperature T . However, normally for classical chaos one does not introduce the temperature T : the growth rate is calculated by a classical deterministic motion of q(t) for a given set of initial conditions. For the initial conditions, one needs to provide energy since it is normally conserved for Hamiltonian systems. Therefore the classical Lyapunov exponent is a function of energy, rather than the temperature. From this argument, we notice that the classical chaos is normally given by a micro canonical ensemble (which is specified by an energy) while the chaos measured by (12) in [16] is given by a canonical ensemble (which is specified by a temperature).
Crudely speaking, the temperature T determines the rough energy scale of excited states, so one could say that the energy ∼ T . More precisely, the micro canonical ensemble can be integrated to provide the canonical ensemble by statistically averaging physical observables with the weight exp[−βH].
With this difference in mind, we describe how a Lyapunov exponents measured in a classically deterministic system can be written as a version of the out-of-timeordered correlator. According to the correspondence described above, the classical Lyapunov exponent can be described as
In other words,
Here, note that the state is specified by the classical energy E and the initial condition M. In general, for a given energy E, there are many degenerate states. This index M picks up one state among those energydegenerate states. The existence of a chaos, that is, a sensitivity to the initial conditions, is related to this index M. [63] As described earlier, our out-of-time-ordered correlator is evaluated by |E, M , which is a state in a micro canonical ensemble. To make a connection to the thermal ensemble, we need to sum over all states with the canonical weight exp[−βEV ] where E is the energy density and V is the spatial volume of the system. The thermal sum of the expression (25) results in
where dM(E) integral normally gives the density of states. The classical Lyapunov exponent L in (25) depends on E and M, so substituting (25) into this expression shows
So, the thermal Lyapunov exponent L T studied in [16] could be related to the classical Lyapunov exponent L(E, M) as
This is the relation between the Lyapunov exponent L(E, M) of our classical evaluation and the thermal Lyapunov exponent L T given by the out-of-time-ordered correlator. In general, there is no simple analytic expression for the explicit relation. [64] Chaos of chiral condensate in operator language
Let us start with the σ model example. The σ model consists of the meson fields σ and π, and their conjugate operators are given by
There are various ways to define the "distance" between two orbits in the phase space of the σ model, but we adopted simply the distance in σ(t) for given two initial conditions, because we are interested in the chiral condensates. Then, our Lyapunov exponent for the chiral condensate is written as
We can argue an evaluation of (29) once a model is given. In the case of our σ model, as we have observed in figure. 3, the Lyapunov exponent is nonzero only for a limited region in the energy scan. So, let us simply assume that the region is very narrow and the Lyapunov exponent is nonzero only at a certain energy density E = E 0 . Then effectively the energy integration in the right hand side of (29) is evaluated for the limited region (a delta function δ(E − E 0 )), and we obtain
So the thermal Lyapunov exponent is equal to our classical Lyapunov exponent at the region. Let us discuss the meaning of (32) in view of the bound (13) . Although the bound (13) for L T is for a properly regularized four-point function which is different from [σ(t),σ(0)] 2 used above, it may be instructive to discuss how the bound could be consistent (32). It appears that (32) contradicts with the bound (13) for a small temperature. But notice that a possible "violation" needs a very small temperature comparable to O( ) and thus the classical evaluation of the Lyapunov exponent is not validated. Let us argue this a bit more in detail. The quantum time evolution is by a unitary operator exp[iHt/ ], thus the validity of the classical picture is for Ht . We are looking at the Lyapunov growth, so the time scale is t ∼ 1/L. Using this, the classical analysis needs H L. Suppose the Lyapunov exponent is constant. Then a violation of the bound (13) needs a low temperature L > 2πT . Together with the classical validity, we obtain H 2πT . This means that the thermal weight exp[−βH] is highly suppressed for this temperature, so it cannot appear in perturbation theory: the thermal sum in (29) at such a low temperature could be overwhelmed by other perturbative corrections. Therefore, the "violation" is not an immediate conclusion, we need more careful quantum treatment of the evaluation of the thermal partitions.
In this paper we considered a homogeneous timedependent field configuration of the mesons, but in general the mesons are inhomogeneous. The operators in the expression (26) is naturally evaluated at the same position in the three-dimensional space. In QCD chiral perturbation, there are some study of homogeneous meson configurations, which is called δ-regime [52] . In this δ-regime, the volume V is taken to zero. However, H = EV cannot be so small if we rely on classical treatment, as mentioned above: H = EV L is necessary. Let us briefly discuss the out-of-time-ordered correlator for our main example of the N = 2 supersymmetric QCD. The discussion is the same except for the difference of the operators. The operators for which we measured the Lyapunov exponent are x ∼q 1 q 2 +q 2 q 1 and y ∼q 1 γ 5 q 2 −q 2 γ 5 q 1 . The Lyapunov exponent is defined in a similar manner,
Our numerical analysis given in the right panel of Fig. 5 shows that for fixed λ and N c the Lyapunov exponent grows as we increase the energy density E. Evaluation of the thermal Lyapunov exponent through (29) needs an analytic functional form of L(E) and also the density of state. We would like to leave it for our future study.
